Steady-state characteristics of a catalytic fluidised bed reactor and its dynamical consequences are analyzed. The occurrence of an untypical steady-state structure manifesting in a form of multiple isolas is described. A two-phase bubbling bed model is used for a quantitative description of the bed of catalyst. The influence of heat exchange intensity and a fluidisation ratio onto the generation of isolated solution branches is presented for two kinetic schemes. Dynamical consequences of the coexistence of such untypical branches of steady states are presented. The impact of linear growth of the fluidisation ratio and step change of the cooling medium temperature onto the desired product yield is analyzed. The results presented in this study confirm that the identification of a region of the occurrence of multiple isolas is important due to their strong impact both on the process start-up and its control.
INTRODUCTION
A phenomenon of generation of single isolas, i.e. isolated closed branches of steady states has been demonstrated a number of times in chemical engineering systems, both in theoretical and experimental works. Their occurrence has been observed in very simple systems such as non-adiabatic continuously stirred tank reactors (Berezowski, 2002; Uppal et al., 1976) , tubular heterogeneous reactors (Berezowski, 2000) as well as in more complex catalytic processes carried out in fluidised-bed reactors (Ajbar et al., 2001) . Several works, e.g. (Pinto and Ray, 1995) , report on the possibility of the occurrence of so-called multiple isolas of steady states. In such a case several closed branches of steady states co-existing with open steady-state branches are observed in a bifurcation diagram. In the work cited above the authors also described scenarios of generation and disappearance of the isolas. Pinto and Ray (1995) demonstrated the possibility of occurrence of two isolas of steady states in the bifurcation diagram of the process of copolymerization of vinyl acetate and methyl methacrylate in tertbutanol. The isolas are located next to each other, that is in different ranges of the selected bifurcation parameter, in this case a residence time. In this study such isolas will be referred to as the first type isolas. Despite an extensive body of literature concerning the steady-state analysis of chemically reactive systems, the possibility of co-existence of two isolas in the same range of the bifurcation parameter, i.e. one isola above the other, and an open branch of steady states was demonstrated only in a couple of works. The possibility of such a phenomenon was mentioned in (Zahn, 2012) and in the earlier study of the author of this work (Bizon, 2016) . These isolas will be referred to as the second type isolas.
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This study demonstrates that such an untypical structure of steady-states can develop in catalytic fluidised-bed reactors. A single chemical reaction and a system of two consecutive reactions were used to exemplify the occurrence of multiple isolas. The impact of a heat exchange intensity and a fluidisation ratio onto the generation of isolated solution branches was evaluated. Dynamical and technological consequences of the existence of multiple isolas of steady states were analysed.
MATHEMATICAL MODEL OF A CATALYTIC FLUIDISED-BED REACTOR
Let us consider the chemical processes taking place in a catalytic fluidised-bed reactor, namely:
 a single irreversible first order chemical reaction proceeding according to a scheme P A 1   k ;  a system of consecutive irreversible first order chemical reactions:
, where P is a desired product, whereas R is an undesired product.
For the process (a) the reaction rate with respect to the component A is r A = r 1 , whereas for the system of reactions in series the rates with respect to A and P are, respectively, r A = r 1 and r P = r 1 -r 2 , where
A two-phase bubbling bed model, modified by Tabiś (Tabiś, 2001 ) was employed to describe hydrodynamics of a fluidised bed. The main assumption of the model is that the bed consists of an emulsion phase and a bubble phase with the mass and heat transfer coefficients between the phases determined as resultant quantities according to the three-phase model of Kunii and Levenspiel (1991) . The other assumptions are:  perfect mixing and negligible mass and heat transfer resistance between the gas and the catalyst particles in the emulsion phase;  plug flow of the gas and quasi-steady state character of the bubble phase.
According to these assumptions the dynamic mass and heat balance equations in the emulsion phase can be written as:
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where a dimensionless concentration of a j th reactant η j is defined as 
The parameters in Equations (2) -(4) and in expressions (7) - (9) 
Additional details concerning determination of the hydrodynamic parameters of the bed and mass and heat transfer coefficients between the emulsion phase and bubble phase can be found in (Bizon, 2016) .
In case of the single chemical reaction it can be assumed that k 02 = 0, then the dynamics of the reactor is described by the system of two differential equations, i.e. Eqs. (2) and (4). 
RESULTS AND DISCUSSION
Values of the parameters used in numerical simulations both for the single chemical reaction and for the system of consecutive reactions are reported in Table 1 . The values were selected based on the analysis of typical catalytic processes (Balakotaiah and West, 2014; Westerink and Westertrep, 1992) . Symbols x E , x h , and x k refer, respectively, to a ratio of activation energies, enthalpies and frequency coefficients in Arrhenius equation for the consecutive reaction, namely
A home-made code for continuation of the solution branches based on a local parameterisation (Seydel, 1994) was developed and used to determine the parametric dependency of the state variables and to characterize the structure of steady states of the fluidised-bed reactor. This is permitted to avoid application of complex continuation software, as recommended also in the reference (Berezowski, 2010) . 
whereas the process yield W P (Fig. 1b) for the single chemical reaction is defined as
where
is an average conversion degree of A leaving the fluidised-bed.
Two first type isolas arising above the lower stable steady state were detected at relatively high values of the parameter a q k q . The complexity of the steady-state structure of the reactor is a result of a coupling of chemical reaction with mass and heat transfer processes between the bubbles and the emulsion phase. It can be observed that stable fragments (branches 2 and 3 in Fig. 1b ) of the right isola located in the region of high values of the fluidisation l f are characterized by higher yield of the process W P.
The location of the isolas in the bifurcation diagram depends on the type of a chemical process carried out in the fluidised-bed. The steady-state structure of the fluidised-bed corresponding to the process described by two consecutive chemical reactions is shown in Fig. 2 . In such a case the process yield with respect to the product P, W P is calculated as ) 1 (
where a dimensionless concentration of the product P defined with respect to the feed temperature is as follows
In case of the system of two reactions in series, fivefold steady states can occur. For the catalytic process analysed in this study for a certain set of the model parameters the branches of steady states may take a form of multiple isolas. This is confirmed by the results presented in Fig. 2 . Unlike the single chemical reaction, the isolas are located in the same range of the parameter, i.e. one isola is located above the other. Therefore, for such isolas the concept of co-existence was introduced. To evaluate the influence of the bed hydrodynamics and the intensity of heat exchange on the steadystate structure globally, catastrophic sets in the plane (l f , a q k q ) were then determined. The diagrams presented in Fig. 3 are the result of a two-parameter continuation (Seydel, 1994) of the turning points from Fig. 1 and Fig. 2 . For a better understanding of the phenomenon of generation and disappearance of multiple isolas, the ranges of the parameter a q k q in which they emerge are delimited with dashed lines.
In case of the single chemical reaction (Fig. 3a) and relatively high values of a q k q the system has a unique stable solution branch. It is characterized by a low conversion degree and thus by a low yield of the reactor W P . Maxima of the upper curve marked with letters A and B (Fig. 3a) are referred to as the isola centres. They correspond to the values of the parameters a q k q and l f at which the isolas are cpe.czasopisma.pan.pl; degruyter.com/view/j/cpe generated being an origin of a region of the triple steady states. Diminution of the heat exchange intensity represented by the product a q k q leads to enlargement of the isolas and thus extension of the region of the triple steady states. At the value of a q k q corresponding to the point C (Fig. 3a ) the two isolas merge, then further diminution of a q k q leads to their coalescence with the lower stable branch of steady states. Figure 3b shows a steady-state structure in the plane (l f , a q k q ) determined for the reactor in which a system of two consecutive chemical reactions takes place. Extrema of the curves marked with A and B (Fig. 3b) correspond, respectively, to the parameters for which isolas occur in the system. The point C (Fig. 3b) corresponds to the process conditions at which the isolas coalesce. The region of the triple steady states resulting from the coalescence of the isolas, i.e. the area located under the lower curve, corresponds to solutions disadvantageous from the technical point of view. In this region the system only has the lower steady state that does not guarantee the autothermicity of the process and the upper steady state corresponding to a very high conversion but also to an extremely high temperature, thus it characterised by a very low yield of the process W P .
Taking into account that the model of the reactor depends on some parameters whose values can change dynamically during the process, both intentionally and due to the external disturbances, the appearance both of a single and multiple isolas may strongly influence the process dynamics. Due to the observed strong impact of the fluidisation ratio l f onto the steady-state structure, the influence of its variation onto the reactor dynamics was evaluated. The variation of l f may be intentional, i.e. it can take place during the reactor start-up, when the fluidisation ratio is dynamically increased to reach a given target value. It can also be induced by the process kinetics, which is the case for non-equimolar processes (Abba et al., 2002) characterized by a variable volumetric flow rate of a fluidising medium. . A target value of the fluidization ratio was set to l f = 25. Trajectories l f (t), T e (t) and W P (t) corresponding to l f 0 = 2 labelled with numbers 1 and 2 in Fig. 4 correspond, respectively, to fast and slow variations of the fluidisation ratio (Fig. 4a) . In both cases the reactor eventually reaches the upper steady state. Yet, in case of a low rate of increase (curves marked with 2 in Fig. 4 ) the trajectory T e (t) exhibits a substantial maximum. This phenomenon can be dangerous from the technological point of view as it can lead, for instance, to the thermal deactivation of the catalyst. Moreover, it also causes a significant decrease in the instantaneous yield of the process (Fig. 4c) . The dynamical response of the reactor to the variation of fluidization ratio changes when l f 0 = 5.5. In such a case the fast increase of the fluidization ratio value leads to the convergence of the trajectory at the upper steady state (curves labelled with 3 in Fig. 4) . For a lower rate of the variation of l f (t) the trajectory converges at the lower steady state as shown by curves marked with 4 in Fig. 4 . However, further prolongation of the time interval in which the process conditions change (curves labelled with 5 in Fig. 4 ) again results in the convergence at the upper steady state. Such a phenomenon is associated with the fact that if the rate of increase of the fluidization ratio is low then in the initial stage of the process the bed heats up enough to maintain a sufficient level of the temperature, even when operating transitorily in the interval of l f for which the reactor has only the lower steady state.
Three scenarios of the increase of the fluidization ratio were considered for a system of reactions in series, starting at the minimal value l f = 1.01, and ending at the target value coinciding with a high yield of the reactor, that is at l f0 = 3.5 (Fig. 5a) . A dangerous rise of the bed temperature is observed at a low rate of the variation of l f (curve labelled with 3 in Fig 5b) . This is due to the fact that for the assumed value of the parameter a q k q = 0.05 two merged isolas of the second type were detected in the reactor and only two stable steady states exist in the interval l f = [1.214, 2.899] (branches marked with 4 in Fig. 2) , with the upper one being disadvantageous from the process point of view. Thus, exceeding the value l f = 1.214 corresponding to the first turning point, results in the temporary attraction of the trajectories by the upper steady state. At the higher cooling intensity of the reactor, i.e. for a q k q = 0.058 at which the multiple isolas were detected (branches denoted with number 3 in Fig. 2 ) this risk does not exist. In such a case the trajectories converge directly at the middle steady state (Fig. 5c) . If the initial conditions belong to the basins of attraction of the middle steady state then in the region of the occurrence of multiple isolas the dynamical variation of l f always leads to the convergence at this steady state. All the above analysis is focused on the influence of variation of the fluidisation ratio onto the reactor dynamics. However, other parameters of the model may also vary during the process, both intentionally and uncontrollably. Figure 6 shows the impact of the cooling medium temperature T q onto the stationary and dynamical properties of the reactor for a system of reactions in series. It can be observed (Fig. 6a ) that the increase of the temperature T q from 300 to 320 K does not change the steady-state structure fundamentally. There is only a quantitative shift of the regions of a given multiplicity in the plane (l f , a q k q ). However, it appears that the shift of the regions may have a strong impact on the reactor dynamics in case of step disturbances of the temperature T q .
Let us assume that the process is carried out at a fixed intensity of a heat exchange and at a constant value of the fluidization ratio. In particular, a pair of parameter values a q k q = 0.059 and l f = 2 corresponding to point A in Fig. 6a is considered. In such a case, at the temperature T q = 300 K fivefold steady states occur in the reactor, with the middle and upper steady states located on the second type isolas. The dynamic properties of the reactor in the neighbourhood of point A can be learnt by the analysis of the trajectories of the reactor subject at some time instant t 0 to a step disturbance of the cooling medium temperature T q . The trajectories of the temperature of emulsion T e (t) are shown in Fig.  6b . It can be observed that the dynamic response of the reactor and its performance at a new steady state depends on the choice of the parameter characterizing the intensity of the heat exchange, i.e. a q k q . Let us consider the first case in which a q k q = 0.059 corresponds to the point A in Fig. 6a . If a step disturbance of the cooling medium temperature up to T q = 320 K takes place at a certain time instant t 0 then a substantial rise of the temperature in the reactor is detected (dashed line in Fig. 6b ). This is due to the fact that for this value of T q the point A belongs to the triple steady-state region arisen from the coalescence of two isolas (Fig. 6a) , therefore the trajectories are attracted by the upper steady state that is disadvantageous from the technological point of view.
The situation changes at a q k q = 0.065 and l f = 2 corresponding to the point B in Fig. 6a . Then, at T q = 300 K the reactor has three steady states resulting from the first isola above the lower steady state. Stable fragments of the isola correspond to moderate temperatures and thus satisfactory values of the process yield W P . The trajectories shown in Fig. 6b confirm the convergence at the technologically advantageous stable steady state. There is no qualitative change of the solution in the event of step increase of the cooling medium temperature at a certain t 0 , that is after stabilization of the process in the apparatus, to the value T q = 320 K. As a result of the shift of the boundaries of the multiplicity regions mentioned before, the point B belongs then to the fivefold steady-state area. Despite a relatively large magnitude of the disturbance the trajectories are not attracted by the other steady state, i.e. the lower or upper one.
CONCLUSIONS
An influence of the selected operating parameters onto steady-state characteristics and dynamics of a catalytic fluidized bed reactor was presented. The relationship between the steady-state characteristics of the reactor, in particular of the region of multiple isolas, and its dynamics was evaluated.
For a single chemical reaction and for a system of two consecutive reactions the model was shown to exhibit an untypical steady-structure having a form of multiple isolas. Depending on the process kinetics, a relative location of the isolas in the bifurcation diagram can be different, both from a mathematical and technological point of view.
It was demonstrated that for the single exothermic reaction two isolas of steady states can coexists in different intervals of the bifurcation parameter. They can be classified as the first type isolas. Quite distinct steady-state characteristics was observed for the system of two consecutive reactions. Due to the higher complexity of the process a region of fivefold steady states may occur. Hence, there is a cpe.czasopisma.pan.pl; degruyter.com/view/j/cpe possibility of the generation of two isolas located one above the other. They were called the second type isolas.
The analysis performed in the paper shows that the occurrence of multiple isolas of steady states can have serious dynamical and technological consequences. It is particularly important in the case of variation of a process parameter that influences the bed hydrodynamics, in this case the fluidization ratio l f . For the single chemical reaction, in order to maintain the performance of the reactor at a high level, a dynamical change of l f has to be done fast enough or slow enough, depending on the initial conditions in the apparatus. Therefore the choice of the strategy of variation of this parameter requires prior knowledge of the reactor dynamics. As demonstrated in this work, running the process in the region of the isolas detected for the system of consecutive reactions can also have serious technological consequences.
It was demonstrated that in the region of the second type multiple isolas the reactor's response to a step disturbance of the cooling medium temperature depends on the heat exchanger size. For the mismatched size of the heat exchanger the disturbance of the cooling medium temperature may lead the reactor to the disadvantageous steady state characterized by high temperature and low performance.
The results presented in this work confirm that the knowledge of steady-state and dynamic properties of the reactor is indispensable to design and to run exothermal processes in systems characterized by such a complex steady-state structure. 
SYMBOLS

